We show that the real parts of diagonal matrix elements of the exact effective Hamiltonian governing the time evolution in the subspace of states of neutral kaons and similar particles can not be equal for t > t 0 (t 0 is the instant of creation of the pair K 0 , K 0 ) when the total system under consideration is CPT invariant but CP noninvariant. The unusual consequence of this result is that, contrary to the properties of stable particles, the masses of the unstable particle, e.g.. K 0 , and its antiparticle, K 0 , need not be equal for t ≫ t 0 in the case of preserved CPT and violated CP symmetries.
Introduction
All known CP-and hypothetically possible CPT-violation effects in the neutral kaon complex are described by solving the Schrödinger-like evolution equation [1] - [11] (we useh = c = 1 units) i ∂ ∂t |ψ; t > = H |ψ; t > , (t ≥ t 0 ),
for |ψ; t > belonging to the subspace H ⊂ H (where H is the state space of the physical system under investigation), e.g., spanned by orthonormal neutral kaons states |K 0 >, |K 0 >, and so on, (then states corresponding with the decay products belong to H⊖H def = H ⊥ ), and nonhermitian effective Hamiltonian H obtained usually by means of the Lee-Oehme-Yang (LOY) approach (within the Weisskopf-Wigner approximation (WW)) [1] - [11] :
where M = M + , Γ = Γ + are (2 × 2) matrices. In a general case H || can depend on time t, H || ≡ H || (t), [12, 13, 14] . The effective Hamiltonians H || are usually derived by rewriting the Schödinger equation in the kaon rest frame: i ∂ ∂t U(t)|ψ > || = HU(t)|ψ > || , U(t = t 0 ) = I,
where I is the unit operator in H, H is be total (selfadjoint) Hamiltonian acting in H and U(t) the total unitary evolution operator, |ψ > || ≡ |ψ, t = t 0 > || ∈ H || is the initial state of the system. Solutions of Eq. (1) can be written in matrix form and such a matrix defines the evolution operator (which is usually nonunitary) U (t) acting in H :
where,
and |1 > stands for the vectors of the |K 0 >, |B 0 > type and |2 > denotes antiparticles of the particle "1": |K 0 >, B 0 >, < j|k >= δ jk , j, k = 1, 2. Relations between matrix elements of H implied by the CPT-transformation properties of the Hamiltonian H of the total system, containing the neutral kaon complex as a subsystem, are crucial for designing CPTinvariance and CP-violation tests and for proper interpretation of their results. The standard interpretation of matrix elements, h jk =< j|H || |k >, (j.k = 1, 2), of the effective Hamiltonian H || follows form the properties of the LOY effective Hamiltonian H || ≡ H LOY . In many papers it is assumed that the real parts, ℜ(.), of the diagonal matrix elements of H :
where h jk =< j|H |k >, (j, k = 1, 2),
correspond to the masses of particle "1" and its antiparticle "2" respectively [1] - [11] , (and such an interpretation of ℜ (h 11 ) and ℜ (h 22 ) will be used in this paper), whereas the imaginary parts, ℑ(.), are interpreted as the decay widths of these particles, Γ jj ≡ −2ℑ (h jj ), (j = 1, 2), [1] - [11] , [15] . Taking H || = H LOY and assuming that the CPT invariance holds in the system considered one easily finds the standard result of the LOY approach
which, among others, means that
where M
LOY jj
= ℜ (h
) and h
=< j|H LOY |j >, (j = 1, 2). This last relation is interpreted as the equality of masses of the unstable particle |1 > and its antiparticle |2 >.
In [16] using the Khalfin's Theorem [9, 17] - [19] it was proved that, contrary to the conclusion drawn in (8) , the diagonal matrix elements of the exact effective Hamiltonian H || in a CPT invariant but CP noninvariant system must be different for t > t 0 . This proof is rigorous. A crucial conclusion following from this property was put forward in [16] . This conclusion states that, contrary to property (9) , the masses of unstable particle and its antiparticle should be different for t > t 0 . In fact, this conclusion was not supported there by a direct and rigorous proof. The aim of this note is to complete the result of [16] and to prove this conclusion. Strictly speaking, to prove rigorously that in the case of the exact H || it must be ℜ (h 11 −h 22 ) = 0 for t > t 0 , if the CPT symmetry holds and CP is violated. In order to realize this purpose, the method applied in [14] will be used.
CPT transformation properties of the exact H
The aim of this Section is to show that in the case of the exact H || , the standard LOY relation (9) does not occur if the total system under consideration is CPT invariant, ΘHΘ
where Θ is the antiunitary operator:
and CP noninvariant. Let P denote the projection operator onto the subspace H :
then the subspace of decay products H ⊥ equals
For the case of neutral kaons or neutral B-mesons, etc., the projector P can be chosen as follows:
We assume that time independent basis vectors |K 0 > and |K 0 > are defined analogously to corresponding vectors used in the LOY theory of time evolution in the neutral kaon complex [1] - [11] : Vectors |K 0 > and |K 0 > can be identified with the eigenvectors of the so-called free Hamiltonian
, where H (1) ≡ H int denotes weak and other interactions which are responsible for transitions between eigenvectors of H (0) , i.e., for the decay process. This means that
The condition guaranteeing the occurrence of transitions between subspaces H and H ⊥ , i.e., a decay process of states in H , can be written as follows
Note that Eq. (3) means that U(t) = exp(−itH). Now, knowing U(t), the exact evolution operator U (t) (4) for H can be expressed using the projector P as follows U (t) ≡ P U(t)P.
We have U (0) ≡ P . In [12, 13, 14] an observation was made that for every effective Hamiltonian H governing the time evolution in subspace H ≡ P H, the following identity holds:
where the operator [U (t)] −1 is defined as follows [16] [
(These last two relations were also used in [16] ). It can be easily verified that H ≡ H LOY , fulfills the identity (18). In the nontrivial case (16) from (18) (see Appendix, formula (A.2)), using (3) and (17) we find
Thus [20, 21, 22, 23 ]
so, in general H (0) = H (t ≫ t 0 = 0) [20, 21, 22] and V (t = 0) = V + (t = 0),
. Now let us pass on to the investigation of the CPT-transformation properties of H . We assume that vectors |1 >, |2 > are related to each other through the transformation:
Besides, there is only one assumption for the anti-linear operator Θ (11) describing the CPT-transformation in H. We require CPT-invariance of H . This means that for the projector P defining this subspace the following relation must hold,
Using assumption (25) and the identity (20) , after some algebra, one finds [24] (see Appendix A)
where:
We observe that for t = 0
From definitions and the general properties of operators C,P and T [4, 8, 25, 26, 27] it is known that T U(t =0) = U + (t =0)T = U(t =0)T (Wigner's definition for T is used), and thereby ΘU(t = 0) = U + (t = 0)Θ [25, 26, 27] i.e. [14] .
From (26) we find
Now, keeping in mind that |2 >≡ |K 0 > is the antiparticle for |1 >≡ |K 0 > and that, by definition, the (anti-unitary) Θ-operator transforms |1 > in |2 > [2] - [8] according to formulae (24) , and < ψ|ϕ >=< Θϕ|Θψ >, we obtain from (32) (see Appendix A)
Adding expression (33) to its complex conjugate one gets
Note that if the requirement (16) for the projector P (14) is replaced by the following one:
i.e. if only stationary states are considered instead of unstable states, then one immediately obtains from (27) - (30):
Let us assume that conditions (16) and (10) hold. For the stationary states (35) , the assumption (10), relations (36) , (37) and (34) yield
Now let us consider the case of unstable states, i.e., states |1 >, |2 >, which lead to such projection operator P (14) that condition (16) holds. If in this case (10) also holds then A(t = 0) ≡ 0 (see (31) ) and thus [Θ, H (0)] = 0, which is in agreement with earlier, similar results [14, 16] . This means that at t = 0:
where
Let t > 0. In this case we have ΘU(t) = U + (t)Θ, which gives ΘU (t) =
This relation leads to the following result in the case of conserved CPTsymmetry
which means that generally, in any case B(t > 0) = 0. Formulae (41), (42) allow us to conclude that < 2|B(0)Θ −1 |2 >= 0 and (10) holds. This means that in this case it must be ℜ ( h 11 (t) ) = ℜ ( h 22 (t) ) for t > 0. So, there is no possibility for ℜ (h 11 ) to equal ℜ (h 22 ) for t > 0 in the considered case of P fulfilling the condition (16) (i.e., for unstable states) when CPT-symmetry is conserved. Using identity (20) and assuming that [CP, H] = 0 and (10) hold it is not difficult to show that in such case h 11 (t) = h 22 (t).
3 Discussion.
All the above considerations lead to the following conclusions for the matrix elements h jk of the exact effective Hamiltonian H governing the time evolution in neutral kaons subspace:
, that is that the mass of the unstable particle "1" must be different from the mass of its antiparticle "2" for t > t 0 = 0.
One should remember that the above conclusion derived from relation (34) concerns only the real parts of h 11 (t > 0) and h 22 (t > 0) and it is in excellent agreement with the results presented in [16] . Relations (32) - (34) give us no information about the imaginary parts of h 11 and h 22 . One cannot infer from (34) 
, is not in conflict with relations (32) - (34) . The equality of ℑ (h 11 ) and ℑ (h 22 ) need not imply the equality of ℜ (h 11 ) and ℜ (h 22 ) and vice versa. This means that the Bell-Steinberger relations [28] do not contradict relations (32) - (34) and Conclusion 1 following from them. Namely, Bell and Steinberger formulae lead to the equality of ℑ (h 11 ) and ℑ (h 22 ) in the case of conserved CPT-symmetry and do not concern the real parts of the diagonal matrix elements of H or give any relations between them.
The real parts of the diagonal matrix elements of the mass matrix H , h 11 and h 22 , are considered in the literature as masses of unstable particles |1 >, |2 > (e.g., mesons K 0 and K 0 ). Such an interpretation follows also from properties, (18), (22) and (23) of the exact H || (t). The interpretation of the diagonal matrix elements of H || (t = 0) is obvious (see (23) ). They have the dimension of the energy (that is, the mass) and h jj (0) ≡< j|H|j >, (j = 1, 2). So their interpretation as the masses of the particle "1" and its antiparticle "2" at the instant t = 0 seems to be explained. Note that from the identity (18) it follows that the exact effective Hamiltonian H || (t) is a continuous function of time t. Therefore the dimension of H || (t) as the physical quantity at any t > 0 continues to be the same as that at t = 0.
From (22) one finds
where v jk (t) =< j|V || (t)|k >. So, at t > t 0 = 0 the initial mass (energy) of the particle j, ℜ (h jj (0)) =< j|H|j >≡ H jj , in the state |j >, shifts and takes the value
Every experiment performed at this instant t will indicate the quantity (44) as the energy (i.e., as the mass) of the particle j at time t. In the case of neutral particles there are no methods allowing one to differentiate the contribution of ℜ (h jj (0)) = H jj into ℜ (h jj (t)) from the contribution of the shift ℜ (v jj (t)) by means of the measurement performed at the instant t > 0. The particle j always interacts with the environment at the instant t as the particle with the energy ℜ (h jj (t)). So from the point of view of the relativistic quantum theory the interpretation of ℜ (h jj (t)) as the mass of the particle j seems to be acceptable. There is another one reason for the adoption of LOY interpretation of the matrix elements of H || in this letter. Note that, as it was mentioned in Sec. 2, the LOY effective Hamiltonian, H LOY fulfils the identity (18). It seems that the interpretation of matrix elements of any effective Hamiltonian fulfilling this identity can not differ from the interpretation of matrix elements of H LOY .
So Conclusion 1 means that masses of a decaying particle "1" and its antiparticle "2" should be different if the CPT-symmetry is conserved in the system containing these unstable particles. In other words, in the exact theory unstable states |1 >, |2 > appear to be nondegenerate in mass for t > t 0 if the CPT-symmetry holds and the CP-symmetry does not, in the total system considered. At the same time, relations (35) - (37) and (10) suggest that in the CPT-invariant system masses of a given particle and its aniparticle are equal (i.e., appear to be degenerate) only in the case of stationary (stable) states |1 >, |2 >. The case, when vectors |1 >, |2 > describe pairs of particles p, p, or e − , e + , can be considered as an example of such states. All these conclusions contradict the standard result of the LOY and related approaches.
Results of the previous Section and Conclusions 1 are not in conflict with such implications of the CPT-invariance as the equality of particle and antiparticle decay rates -see [16] . On the other hand the consequences (8) and (9) of the LOY theory are in conflict with the results of Sec. 2 and Conclusion 1 obtained without approximations but they are in agreement with the rigorous result obtained in [16] .
Note that in fact the above conclusions about the masses of unstable particles under consideration are not in conflict with the rigorous and consistent treatment of quantum theory. From (10) (or from the CPT Theorem [29] ) it only follows that the masses of particle and antiparticle eigenstates of H (i.e., masses of stationary states for H) should be the same in the CPT invariant system -see [16] . Such a conclusion can not be derived from (10) for particle |1 > and its antiparticle |2 > if they are unstable, i.e., if states |1 >, |2 > are not eigenstates of H. Note also that the proof of the CPT Theorem makes use of the properties of asymptotic states [29] . Such states do not exist for unstable particles. What is more, one should remember that the CPT Theorem of axiomatic quantum field theory has been proved for quantum fields corresponding to stable quantum objects and only such fields are considered in the axiomatic quantum field theory. There is no axiomatic quantum field theory of unstable quantum particles. So, all implications of the CPT Theorem (including those obtained within the S-matrix method) need not be valid for decaying particles prepared at some initial instant t 0 = 0 and then evolving in time t ≥ 0. Simply, the consequences of CPT invariance need not be the same for systems in which time t varies from t = −∞ to t = +∞ and for systems in which t can vary only from t = t 0 > −∞ to t = +∞. Similar doubts about the fundamental nature of the CPT Theorem were formulated in [30] , where the applicability of this theorem for QCD was considered. One should also remember that conclusions about the equality of masses of stable particles and their antiparticles following from the properties of the S-matrix can not be extrapolated to the case of unstable states. Simply, there is no S-matrix for unstable states.
The important consequence of Conclusion 1 is that the conventional interpretation of the tests, which are sensitive to the difference ℜ (h 11 −h 22 ), as the CPT invariance test in neutral kaon complex, need not be longer valid. An example of a such test is considered in [31] .
Another consequence of the main result of the Section 2, that is of the Conclusion 1 concerns properties of the scalar product of eigenvectors |l >,
for the eigenvalues µ l(s) = 1 2
, where m l(s) , γ l(s) are real. These eigenvectors correspond to the long (the vector |l >) and short (the vector |s >) living superpositions of K 0 and K 0 .
Using the eigenvectors
of the CP-transformation for the eigenvalues ±1 (we define CP|1 >= −|2 >, CP|2 >= −|1 >), vectors |l > and |s > can be expressed as follows
This last relation leads to the following formula for the product < s|l >,
By means of the following parameters
which are usually are used to describe the scale of CP-and possible CPTviolation effects [3, 4, 6, 10, 15] , product (48) can be expressed as follows
There is
in the case of |ε s | ≪ 1 and |ε l | ≪ 1 (see, eg. [15] , p. 560). Here φ SW is the superweak phase, tan φ SW = 2(m l −ms) γs−γ l , and
are the real parameters. Thus
The consequence of (8), (9) is that in CPT invariant but CP noninvariant system δ || = δ LOY || = 0 and δ ⊥ = δ LOY ⊥ = 0 which leads to the standard result ℑδ LOY = 0 (here δ LOY denotes the parameter δ, (52), calculated for H || = H LOY ). From this property and (51) the conclusion that the product < s|l > must be real is drawn in the literature. This conclusion is considered as the standard result. Note that in the light of the main result of Sec. 2 and Conclusion 1 such a conclusion seems to be wrong in the case of the exact effective Hamiltonian H || , that is, in the case of the exact theory. From Conclusion 1 one infers that there must be δ ⊥ = 0, (54) in the case of CPT invariant but CP noninvariant system and therefore it must be ℑ δ = 0 (see (55) in such a system. This means that the right hand side of the relation (51) is a complex number and therefore in the case of conserved CPT-and violated CP-symetries, in contrast with the standard result, there must be < s|l > =< s|l > * in the real systems. Properties of the real systems discussed above and described in Conclusion 1 are unobservable for the LOY approximation. In order to obtain at least an estimation of the effects described in these Conclusions, the matrix elements of H should be calculated much more exactly than it is possible within the LOY theory. A proposal of a more exact approximation is given in [21, 22, 32, 33] . This approximation is based on the Krolikowski-Rzewuski equation for a distinguished component of the state vector [34] . All CP -and CPT -transformation properties of the effective Hamiltonian H calculated within this approximation are consistent with similar properties of the exact effective Hamiltonian and with the result obtained in this paper and [16] .
Within the mentioned more accurate approximation one finds for diagonal matrix elements of
|| (t) that the CPT-invariant system in contradistinction to the property (8) obtained within the LOY theory [20, 21, 22, 33] h
and
The relation (57) is consistent with the properties (23) and (38) and the result obtained in [16] .
Assuming that
where (10) holds), one finds within the mentioned more accurate approximation that (see [31] and (77) in [22] )
Here
From the result (59) it follows that ∆h = 0 can be achieved only if H 12 = H 21 = 0. Relation (15) implies that H 12 ≡< 1|H int |2 >. If |1 >≡ |K 0 > and |2 >≡ |K 0 > then the strangeness S of the particle "1" equals S = +1 while that of "2" is S = −1. Therefore the interpretation of the hypothetical property < 1|H int |2 > = 0, which can be met in the literature, is that the first order |∆S| = 2 transitions are allowed [5, 6, 7] . So, the property H 12 = H 21 = 0 means that if the first order |∆S| = 2 transitions are forbidden in the K 0 , K 0 complex then predictions following from the use of the mentioned more accurate approximation and from the LOY theory should lead to the the same masses for K 0 and for K 0 . This does not contradict the Conclusion 1 following from the results of Sec. 2 derived for the exact H || or the rigorous result of [16] : the mass difference is very, very small and should arise at higher orders of this more accurate approximation.
On the other hand from (59) it follows that in the considered approximation ∆h = 0 if and only if H 12 ≡< 1|H int |2 > = 0. This means that if measurable deviations from the LOY predictions concerning the equality of masses of, e.g. K 0 , K 0 mesons are ever detected in some tests, then the most plausible interpretation of this result will be the existence of interactions allowing the first order |∆S| = 2 transitions in the system considered [31] .
Within the use of the toy Fridrichs-Lee model [9, 21] the following estimation was found in [16] :
This and the estimation
masses of K 0 and K 0 -meson respectivelly), which can be found in [15] , show that possible deviations from the standard picture, that is, from the LOY predictions are much too small to be observed with the present experiments. Confronting relations (8) with (34), one should remember that, in fact, H LOY can be considered as the lowest, nontrivial order approximation in the perturbation H (1) : All the terms to higher orders than (H (1) ) 2 are neglected in H LOY [1] - [11] . It is obvious that CPT-and other transformation properties of such an approximate effective Hamiltonian and of the exact one need not be the same. Taking into account all the above, it seems that for the proper understanding of the CPT-invariance tests and CPT-invariance, or possible CPT-violation phenomena it is necessary to consider higher order contributions into the LOY-type effective Hamiltonian than those contained in H LOY or to use a more accurate approximation than LOY.
The result (8) of the LOY approximation is model independent whereas, within the mentioned more accurate approximation, the magnitude of ℜ (h 11 − h 22 ) depends on the model of interactions considered. So a new possibility of the verification of models of weak interactions arises.
It also seems, that above results have some meaning when attempts to describe possible deviations from conventional quantum mechanics are made and when possible experimental tests of such a phenomenon and CPTinvariance in the neutral kaons system are considered [35, 36] . In such a case a very important role is played by nonzero contributions to (h 11 − h 22 ) [35, 36] : The correct description of these deviations and experiments mentioned is impossible without taking into account the results of this Section and the above Sec. 2. This can not be performed within the LOY approach and requires more exact approximations. It seems that the approximation described and exploited in [20] - [22] may be a more effective tool for this purpose.
The above considerations suggest that tests consisting of a comparison of the equality of the decay laws of K 0 and K 0 mesons seem to be the only completely model independent tests for verifying the CPT-invariance in such and similar systems.
Taking into account all the above, it seems that all theories describing the time evolution of the neutral kaon and similar systems by means of the effective Hamiltonian H governing their time evolution, in which the CPT-invariance of the total system leads to the property (8) for this H , (such as LOY theory [1] - [4] based on the WW approximation), can not lay claim to being the exact and correct description of all aspects of the effects connected with the violation or nonviolation of the CP-and especially CPT-symmetries. (It occurs probably because of the fact that such theories cannot exactly satisfy unitarity [19] and lead to inconsistencies of CPTsymmetry properties of the H and the total Hamiltonians H [33] ). Also, it seems that results of the experiments with neutral kaons, etc., designed and carried out on the basis of expectations of theories within the WW approximation, such as tests of CPT invariance (at least the results of those in which CPT-invariance or CPT-noninvariance of H generated by such invariance properties of H were essential), should be revised using other methods than the WW approach.
The most important observation which follows from the results of Sec. 2 (Conclusion 1) and of [16] is the following one: In CPT invariant system Quantum Theory allows simultaneously created at the instant t 0 = 0 unstable particles and their antiparticles as particles with the same masses to have slightly different masses for t > t 0 . Thus some matter-antimatter asymmetry can arise in such system, which can have cosmological consequences [37] .
A Appendix
The aim of this Appendix is to calculate the commutator [Θ, H (t)] discussed in Sec. 2 and to study some of its applications. In order to calculate this commutator it is convenient to express H (t) by means of the formula (20) , and then to use assumption (25) , the definition of [U (t)] −1 (19) and the following property
which is the consequence of (19) . This last observation together with the property (17) means that the identity (18) can be replaced by the following one:
Now one can consider a commutator [Θ, P [U (t)] that is formula (30) . Let us now consider some details of the derivation of the relation (33) . Taking into account the properties of the anti-unitary operator Θ and the CPT-transformation properties of states |K 0 >, |K 0 >, etc., (see Sec. 2), without any assumptions about the commutator [Θ, H], one can transform the matrix element < 2|ΘH (t)Θ −1 |2 > appearing in (33) as follows
This last relation and the following consequence of (32)
< 2|ΘH (t)Θ −1 |2 > − < 2|H (t)|2 >≡< 2|(A(t) + B(t))Θ −1 |2 >, yield h 11 (t) * − h 22 (t) =< 2|(A(t) + B(t))Θ −1 |2 >, (A.7)
i.e., the formula (33). [18] L. A. Khalfin, Foundations of Physics, 27, (1997), 1549 and references one can find therein.
